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LEVEL SHIFTS AND INELASTIC ELECTRON SCATTERING IN DENSE PLASMAS

I. INTRODUCTION

' The plasma polarization shift of spectral lines remains a basic and

controversial effect. Griem1 tried to explain the blue shifts for the

4 resonance lines of ionized helium by considering the perturbation of the
upper levels by free plasma electrons. An alternate approach involves the
solution of the Schr;dinger equation for the bound electrons in the Debye-

: H:ckel potential. This leads to red shifts of the lines because it causes

] § ’ large shifts of the lower levels. Experimentally, evidence has been reported
for blue shiftsz of Lyman lines and red shifts3
but shifts measured for other similar ionized emitters are much smaller or

for Balmer lines for He II,

ke M to i

zero,
"
Theimer and Kepplea have shown that the theory using the Debye-Huckel

potential is inadequate because it ignores the reaction of plasma electrons
to the presence of the bound electron. Their self~-consistent calculation
for a hydrogen plasma indicates much smaller level shifts than those pre-
dicted by previous theories. More recently, an analogous treatment was
adopted by ansnyai5 and Skupsky6 with similar results. In these theories i
the free electron gas was treated classically and the energy levels were 3
obtained from the solution of the Schrgdinger equation.

In the present investigation we obtained level shifts, transition prob- §
ability coefficients and collision cross sections for Ne+9 and At+17 in a ;
24 106 x 102% a3 (for Ne'?)

cm-3 (for Ar+17) using a quantum-mechanical

plasma with electron density ranging from 10
and from 2 x 1025 to 8 x 1025
description of the plasma electrons. The theory in a simplified form was

applied to the low-density region and level shifts were obtained for H and He+. |

II. DESCRIPTION OF THE METHOD

We consider an isolated impurity ion with nuclear charge Z immersed
in a fully ionized hydrcgen plasma. For simplicity all electric charges are
assumed to have a spherically symmetric charge distribution. In additionm,
the positive charge due to protonz is continuously distributed. This last ' b
assumption is probably the most drastic simplification that we have adopted.

i
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Two types of ions will be studied: completely stripped ions and one~
electron hydrogenic ions. In the latter case, it is assumed thet in a dense
hot plasma the average local charge density due to the bound clectron can
be written as (atomic units are used throughout the paper, unless indicated)

- 2,-1 2
pp = = (4r T L b L (n), ¢
' nf
vhere bnl ace the occupation numbers, Pnz(r) are normalized radial wave
functions, and :E: bnz = 1. In order for this assumption to be valid it is

n?
necessary that the avarage time between collisions leading to ionization and

recombination be substantially larger than the time between collisions that
change .he state of excitation. Generally, the occupation numbers represent
an average state of excitation of the ion and are determined by all possible

collisional and radiative processes involving the bound electron. Due to
the complexity of this situatiom, simplifying assumptions about bnl will be

adopted. .
If e and pp represent local charge densities due to the free electroms

and protons, the electrostatic potential V(r) at the distance r from the
nucleus with charge Z is then given by

) = 2 i R [r-l f

° (2)

r o2
T (pe + Po + ob) dr

-]

+f r(pe+pp+pb) dr].

r
At large distances from the ion, p " 0 and the plasma is neutral, so that
- p =m=p T p EN. (3)

The positive charge distribution is described by classical Boltzmann

statistics, viz.

Py = 0 €Xp (-V/k.BT). (4)

wheare V(r) i{s givem ty (2), T is the temperature and kB the Boltzmann

constant.
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The free slectrons are represented by a Fermi-~Dirac energy distridbuiton
outside a spherical boundary corresponding to the distance L from the
nucleus; however, inside this boundary they can be treated quantum-mechani-
cally and described by wave functions which are solutions of the time in-
dependent Schr;dinger equation. In practical calculations the distance LR is

taken to be large enough so that plasma at the boundary may be considered
neutral and condition (3) valid within numericel accuracy. The wave functions
for the free electrons with energy %—kz at r > r, can be expanded in partial
waves and the expression for the spherically averaged charge density due to i

the free electrons at any r is then given by

.. 3 o«
! 3 -
1 Pe ™ - fw(k) (krz) 1 Z (22+41) E‘kz2 () dk, (5)
i 2= o
o
_§ where :
! 2,2 (1.2 -1 |
Wk) =7 “k 1 + exp 1(—24: —u)/kBT . (6)
|
%l u is the chemical potential of the free electron gas determined by the
; condition
t |
f W(k) dk = p_ (N §
o %
and the functions sz are solutions of the equation ’
2
ac 2(2+1) -
[-2 - 7 - T - W () -2, (D) .
dr r :
(8) ; ﬂ
Ly
2 R
+ 2vex(w) + ZVcorr(“’) + k sz(r) =0
L
with the asymptotic form :g:
1 R
o vk 2 sin (kr + 4, ). (9) j
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The electrostatic potential V is given by (2) and the exchange energy Vex and

the correlation energy Vcorr of a free electron in a plasma were taken from
7,8

Dharma-wvardana and Taylor and are given in terms of temperature T and

local electron density Ne =) Pet

-1 -1
vex = . 0.4073 r, tanh (t ), (10)
L
2 2 4
vcorr - 0.6109 r, (~0.0081 + 1.127t“ + 2.7567t )
1 (11)
2 4 -1 -2
x(1.0 + 1.2917t° + 3.593t ) ~ tamh (t ~),
2
4 % 2
T = 2(9“)3 r, kB T,

r:’.-l - (%““e)%- .

In practice, the integral in (5) is replaced by a summationand an 8-point
Gaussian quadrature was used tc evaluate Pe for each value of r. At large
distances, the convergence of the sum over partial waves in (5) is rather
slow and we found it necessary to include up to 50 or 70 partial waves,
depending on the value of k, to achieve sufficient accuracy for r~<r°.

The effect of Fermi degeneracy is taken into account by the distribution
function W(k) in (5) for demsities equal to ¢_. For the cases studied in this
paper the Fermi degeneracy causes only minor deviations from the Maxwell-
Boltzmann distribuiton. Inside the boundary L where the plasma electrons
in our model are described by wave functions and where the local electron den-
sities may reach values substantially larger tham o_., the effect of degeneracy
should be properliy taken into account by using an antisymmetric function for
the whole system. Due to complications arising from this procedure, we have
ignored the possible additional effects ¢f Fermi deageneracy inside T, Also
all effects due to relativistic corrections have been ignored since they are
probably negligible for light nucledl.

Radial functions Pul of the bound ele~tron sacisfy the equation

-

[ 1 2 L gy () +28 ] P (o) wo. (12)
| = ; b ni Tl

t -
L dr T
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The potential Vb acting on the bound electron is given by (2) witht)b = 0,

The energy shift of a hydroganic level nt due to the plasma polarization 1is

. 2,, 2,-1
AE, =E, +2°()7 . (13)

Equations (1), (2), (4), (5), (8) and (12) should be solved self-con-
sistently with the boundary condition

tV(c) + O, sz(r) +0 (14)

for r + », In practice this condition should be satisfied at r = L
The equations were solved iteratively starting with hydrogenic Pn2 (for
"
hydrogenic ions) and with V(r) initially replaced by a Debye-Huckel potemtial.

First we found a self-consistent potential (2) while keeping Pn£ unchanged.
This procedure requires up to four iterations. Then we used the new form of
Pnz obtained rfrom (12) for the following sequence of iterations. It was
found that in 1ll cases presently studied the second sequence of iterationa
did not lead to any substantial improvement of results and that the first

gequence already yielded self-consistent values of Pnz and Enl'

111. RESULTE FoR Ne 1P, Ne' and ar'l’

|

Figure 1 shows two typical axamples of the quantity rV for Ne+lo, where

V is the self-consistent potential (2) with Py = 0. These results are com=-
"
pared with the Debye-Huckel theory of plasma screening, which agrees well

with the self-consistent potential at distances larger than 2D, where D is
it
the Debye screening leagth, but the Debye-Huckel potential is systamatically

lowar in the inner region. The difference appears to increase with

—

decreasing values of D.

The calculations for hydrogen-like Ne+9 and Ar+

the simplifying assumption that the levels ls, 2s aud 2p are populated

17 were performed with

according to Boltzmann statistics and that all occupation numbers bn£ with 3

n > 2 are zero. The local densities ne(r) and np(r) of free electrons and
protons for N, = 3 x 10%* 2™ and T = 200 eV are displayed on Figs. 2 and 3
for Ne+9. The oscillatory behavior of n, is caused by interference effects

and is mainly due to the slowly moving electrmms.

O
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Figure 1. The quantity rV for Ne+10. Full curve - present results;
dashed curve - Debye-}l:;ckel theory.
a-ue-mz"‘,r-500ev;b-ne-6x102",T-zoow.
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Table 1 presents the atomic level shifts (13) for two temperatures and
three electron densities Ne. Resulting line shifts of the Lyman o radiation
are shown in Figs. 4 and 5. The line shifts are assumed to be equal to the
difference of level shifts. The present values of line shifts are slightly
larger than the results of Skupsky6 who treated the free zlectrons classi-
cally with quantum mechanical corrections to the potential.

Table 2 shows how the Einstein coefficients of transition protability
ACOul is the
coefficient corresponding to the pure Coulomb field, i.e. to Ne = 0, The

A for the Lyman o line are affected by plasma conditioms.

change of transition probabilities is a consequence of the line shift combined
with the cheange of radial functions Pn2 .
sensitivity of line shifts to the choice of bnl’ we carried out additional

In order to ascertain the

calculations for Ne+9 with the assumption that only the ls ground level is
occupied. The resulting line shifts were found to be only about 12 smaller
than those shown in Fig. 4.

In the present calculations we have ignored all effects related to the
time dependent perturbations by plasma electrons and protons. In particular,
a possible redistribution of electron velocities inside the boundary T due
to electron-electron and electron~proton collisions was not taken into
account and effects leading to broadening of spectral lines were also omitted.
Thus the results indicate the magnitude of effects caused by plasma polari-
zation alone., In situations where there are only few electrons inside the
Debye sphere and collisions do not happen very often, the present treatment
should be perferable to the procedures based on statistical considerations
for plasma electroms.

The calculation of collision excitation cross sections and rates in a
dense plasma should proceed, in principle, along the lines of many-bedy
quantum theory. However, the two-body approximation may still be useful
not only for approximate evaluation of excitatinn rates, but especially
becausc its simplicity allows us to separate various plasma effects.

The change in the value of excitation cross sections and rates in dense
piasmas is the result of several causes: (a) changed excitation energy,

(b) changed wave functions of atomic electrons, (c¢) distortion of the
incident and scattered waves by the charge c¢loud around the target iom,
(d) modification of the Coulomb interaction potential f; -1

for
1 12
the colliding and bound electron by plasma effects, and (3) other effects of

-7 | s
2 =T

many-body interactions.
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Table 1

LEVEL SHIFT (eV)

§ T(eV) Ne(cm-3) 1s 2s 2p
| 200 1024 122.8 115.6 117.5
' Ne x - L) .
: 24 i
5 3x10 194.0 173.3 178.5
24 1
6x10 225.5 189.8 198.1 ;
24
500 10 90.0 85.5 86.7 |
24 ;
3%10 147.3 134.2 137.5
6x102% 199.6 174.3 180.3 i
1000 2%10%° 475.8 439.9 449.1 5
Ar XVIII ' ' ' i
5x102° 702.0 616.4 637.5 ;
25 . i
8x10 865.0 736.0 766.4
25 .
2000 2x10 375.8 351.0 357.3
25
5x10 563.8 504.5 518.8
.25 )
210 695.0 602.6 624.3 : ;

10
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Ng (1024 cn3)

Figure 4. Density dependence of the Ne X Lyman - a line shift.
a~T=200eV; b-T= 500 eV; c - results of Skupsky®
(T = 500 ev).
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Figure 5. Density dependence of the Ar XVIII Lyman - a line shift.
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Table 2
(
A(2p -+ ls)/ACoul (2p + 13)
N (cm-3)
T(eV) e
1024 3 x 10%% 6 x 102%
Ne X 200 0.967 0.904 0.840
500 0.981 0.942 0.887
Ne (cm-3)
2x10%° 5x102° 8x102°
Ar XVIII 1000 0.950 0.87% 0.816
2000 0.967 0.919 0.873
13
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We have calculated collision strengths for the 1s - 2s, 1ls - 2p, and
28 - 2p transitious of Ne+9 and Ar+17 using the formalism of the distorted-
wave method without exchange. Excitation energies and atomic wave functions
were taken from our self-consistent calculations and the equation for the
radial functions of the colliding electron were solved using the self-con-
sistent potential (2). However, the modificaiton of the potential of mutual

interaction r -1 cannot be properly described within the formalism of the

distorted-wnvizapproximation, unless the wave functions of plasma electrons
take into account correlation effects between the bound and the free elec-
trons. The variational expression for the eletsant of the reactance matrix
then contains an additional term that partially cancels the term of direct
Coulomb interaction T

electrons in the vicinity of the bound electron. Omne can approximate this

-1 as a result of decreased local density of plasma

effect by using the free electron wave functions without correlation and
-1

12

properly defined screening function.

replacing r in the matrix element by r -1 f(rlz). where f(rlz) is a

12

rlz"l £(r;,) can be expanded in the form

®

-1 -1 - 9
%2 £(ry,) = x, }\Zo P, (cos w) Zo Aku(r>) (r(/r>)" + M, (15)
- u-

where w is the angle between ;1 and ?2 and the coefficients Aku depend oun the
form of f(rlz).

To demonstrate the effect of screening of the mutual interaction, we
have adopted a Debye—Hackel form of the screening function. The expansion

(15) have the form

rlz-l exp(—rlz/D) - [r:l +% (1:)/1))2 (r<2 /r>3‘) +. ] exp(-r>/D)Po(cos w)
(16)
+ [(1 +r./0) (/0 3 e P adeh + ]
X exp (—r)/D) Pl (cos w) + ...

The results for selected values of T and Ne are shown on Figs. 6-11l. Also

14
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Figure 6. Collision strength Q (18”S, 237S) for Ne . T = 200 eV.

1-N, =0;2,3,4-K = 3102 cm3; 2 -Dmw;3-Da A;
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Figure 7. Collision strength Q (1325, 2p2P) for Ne+9. T - 200 eV.

1-N, =0;2,3,6-N =310 e 2-Den 3-1=n1

4 ~-D= % A (A = Debye length).
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shown are the collision strengths without any plasma effects (N‘ = 0) for
the transitions ls -~ 25, 1ls - 2p. The change of atomic wave functions by
plasma polarization has a very small effect on the cross sections for
conditions considered in this investigation. The change of excitation
energies produces a negligible effect on the 1s - 2s and 1ls - 2p transitions
but it removes the degeneracy of the 2s and 2p levels and reduces the 2s - 2p
cross gections to finite values, For the ls -~ 2 and 1ls - 2p transitions,
calculations were made for 3 values uof the screening parameter D in (16).
D = =» corresponds to the situation where the modification of mutual inter~
action is ignored and the lowering of the collision strength is caused only
by the defocusing of colliding electrons (curve 2 on Figs. 6, 7, 9, 1C).
Curves 3 and 4 were obtained with D = A and D = 1/2 A, where A is the Debye
length for the corresponding temperature and density.

The effect of screening on partial collision strengths increases with
increasing angular momentum (Fig. 12) and therefore the dipole transition
ls - 2p is more affected than the monopole transition ls - 2s. The term
corresponding to u = 1 in the expression (15) and (16) has only a very small
effect on the collision strengths.

Collisions strengths for the 2s - 2p transition were calculated for
D= and D = A, The sensitivity of Q@ to the value of D is much greater than
for the 1s -~ 23 and 1s - 2p transitions, because the excitation energy is
wuch smaller, many more partial waves contribute to I at a given energy and
higher angular momenta are more affected by screening. Collision strengths
exhibit a resonance-like behavior in the low-energy region above the
excitation threshold. The enhancement of Q is caused almost exclusively by
the contribution from the 2 = 2,3 incident partial waves in Ne+9 and by
L =3 1in At+l7.

IvV. RESULTS FOR HYDROGEN AND IONIZED HELIUM

At the present time, there are no experimentai data rhat could be com-
pared with the theoretical results for Ne+9 and Ar+17. Therefore we have
extended the calculations to neutral hydrogen end singly ionized helium which
have been studied experimentallvy. Imfortunately, the measurement of plasma
polarization shifts is a difficult problem and resulns of various experiments

do not always agree with each other. Mareover, the measured shifts represent

e e 5 e e, il S S i i i o i 1 aw@
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Ng = 0

25
Ng = 6110
kT » 20008V

0 ) 10 15 20
Ficure 12. Comparison of partial contributions to the collision strength

7 for Ne = 0 and Ne = 8 x 1025 cm_3,

Q (1s%s, 2p%P) for Ar
T = 2000 eV, D = A.
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a combined effect of plasma polarization (i.e. space charges around the atom),
ion quadrupole shifts, quadratic Stark effect and shift arising from electron
collisions. These additional effects have been ignored in our present investi-
gation and therefore our results for H and l-le+ have only a qualitative

character.

The plasma conditions in which neutral hydrogen and ionized helium radiate
17

; correspond to such low electron densities ({ 10 cm-3) that several sub-
E stantial simplications in our theoretical treatment are possible. In the
3 ) limit of low charge density (due to plasma electrons and positive ions in

the vicinity of the radiating atom) we may omit the effect of these space

' charges on the motion of free electrons and we solve eq. (8) with

3 Vex = Vcorr = 0 and with V from (2) with Pe = pp = 0. p Y is again given by —
(1), but due to the low temperature, the population of excited levels is so i
small that it may be omitted altogether.

We will consider pure hydrogen and pure helium plasma and for the sake

of simplicity we wiil assume that the fraction of doubly ionired helium ions
is very small. Then all positive ions are singly ionized and we may replace

pp by ey in eq. (2) ~ (4). For the positive charge distribution we again

adopt eq. (4) and in order to demonstrate the effect of different ion distri~
butions on level shifts we use three different forms of V: (a) V = O which
corresponds to a uniform ion distribution, (b) V calculated from (2) with

?e = pp = 0 and with fy from (1) assuming that only the 1ls level is occupied.
(c) V from (2) with P ™ pp = 0 and oy from (1) assuming that only the level E
nl, for which the shift is being calculated, is occupied. This last choice
may find a justification if we comparec de Broglie wavelength >‘B for thermal
electrons and iomns: while XB for electrons is comparable or larger than the

dimensions of the atom and therefore plasma electrons do not adjust to in-

dividual atomic states nf, AB for ions 1is much smaller and the ion distribution

b rer e

may depend on n%. In using eq. (4) for the ion distribution, one should
employ, of course, the true interatomic potential V. This potential may be
substantially different, especially for hydrogen, from the potential we are
using the present work. This is another reason why out results should be
compared with experiment only with caution. A !
The level shifts in the low-density limit are calculated from the 7

perturbation expression b
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where V' = V-2Zr — and V is calculated from (2) with Py = o, pp -0y and with

Py and Pe obtained by the procedure just described. In the low-density limit
we do not perform self-consistent calculations and therefore we do not know
; the correct behavior of V at large distances. Consequently we cannot carry
3 out the integration in (17) up to the indicated upper limit and cannot
calculate absolute level shifts as in the high density case. However, we can
L obtain relative shifts l&Enz -4 En'l' if we integrate, in (17), up to the
F distance beyond which all radial functions Pn 2 involved in the calculation
vanish.

From (17) it follows that level shifts are proportional to electron

density Ne. As a consequence, we do not have to perform a thermal average

of electron density distribution before calculating the potential from (2)
and shifts from (17), but instead we can first calculate shifts for the
charge distribution corresponding to a given velocity of electrons and perform
the thermal average of these shifts. They are a smooth function of electron
velocity and the average can be obtained with great accuracy.

We have obtained relative level shifts for all ni levels of H and He+
with n - 1 to 4, Weighted averages over the & - values fer each principal

quantum number n, normalized to the density N_ = 1017 o3

2ve displayed on
Figs. 13 and 14. Relative level shifts for H are more sensitive to the choice
of the ion distribution than for He+.
The experimental evidence, however, points to a much larger blue shiftz.
Theoretical blue shifts were derived by Greig et al.9, Burgess and Peacocklo
and Volontéll, but the apparent agreement of all these theoretical results
with experiment is basically due to the omission of space charges outside
the orbit of the bound electron, and this assumption does not appear to be
properly justified.

For the 3 - 2 transition of He+ at 1640 Z our theory predicts a
negligible red shift in agreement with experiment, but the theoretical shift
for the 4 ~ 2 transition at 1215 X is again too small, except possibly for

the temperature around 4 eV.

For He+, our results predict a very small red shift of Lyman series lines.

.
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Dotted lines: uniform ion distribution (ion density obtained
form eq. (4) with V=0). Broken lines: ion density given by
eq. (4) with V derived frum screening by the n? electrom.
Solid line: 4ion density given by eq. (4) with V derived from
screening by the ls electron.
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Pittman et al.12 measured a red shift of 0.17 & for the transition

4 -3 at 4686 % for T = 4 eV .- From Fig. 14 we find shifts of 0.07,
.12 and 0.14 K for three different ion distributions. This may be con-
sidered a satisfactory ecgreement with respect to the uncertainty of the ion
distribution.

The same authors also measured red shifts of the Balmer series lines cf
neutral hydrogen. Our theoretical results predict either nuch small values
or even blue shifts, but an agreement can hardly be expected due to che very
approximate form of the ion distribution.

For reasons mentioned earlier, the comparison with experiment is
generally very inconclusive. The theoretical treatment should be improved
first of all by using correct ion distribution and by properly taking into

account other effects leading to the shifts of atomic levels.
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